Abstract. In this paper, we study the n-dimensional (n ≥ 1) bipolar hydrodynamic model for semiconductors in the form of Euler-Poisson equations. In 1-D case, when the difference between the initial electron mass and the initial hole mass is non-zero (switch-on case), the stability of nonlinear diffusion wave has been open for a long time. In order to overcome this difficulty, we ingeniously construct some new correction functions to delete the gaps between the original solutions and the diffusion waves in L 2 -space, so that we can deal with the one dimensional case for general perturbations, and prove the L ∞ -stability of diffusion waves in 1-D case. The optimal convergence rates are also obtained. Furthermore, based on the 1-D results, we establish some crucial energy estimates and apply a new but key inequality to prove the stability of planar diffusion waves in n-D case. This is the first result for the multi-dimensional bipolar hydrodynamic model of semiconductors.
1. Introduction. In this paper, we study the n-D isentropic Euler-Poisson equations for the bipolar hydrodynamic model of semiconductor device
n 1t + div(n 1 u 1 ) = 0, (n 1 u 1 ) t + div(n 1 u 1 ⊗ u 1 ) + ∇p(n 1 ) = n 1 ∇Ψ − n 1 u 1 , n 2t + div(n 2 u 2 ) = 0, (n 2 u 2 ) t + div(n 2 u 2 ⊗ u 2 ) + ∇q(n 2 ) = −n 2 ∇Ψ − n 2 u 2 , ∆Ψ = n 1 − n 2 , (1.1) for x = (x 1 , x 2 , · · · , x n ) ∈ R n , n ≥ 1, t > 0. Here n 1 = n 1 (x, t), n 2 = n 2 (x, t), u 1 = (u 11 , ..., u 1n )(x, t), u 2 = (u 21 , . . . , u 2n )(x, t), and Ψ(x, t) represent the electron density, the hole density, the electron velocity, the hole velocity, and the electrostatic potential, respectively. E := ∇Ψ(x, t) is called electric field. The nonlinear functions p(s) and q(s) denote the pressures of the electrons and the holes, respectively, which are smooth, strictly increasing and nonnegative. Since both p(s) and q(s) posses the same characters, for simplicity, here and after here we assume them to be identical, namely, p(s) = q(s) ≥ 0, p (s) = q (s) > 0 for s > 0.
(
1.2)
If the pressures p(s) and q(s) are different, this will be a new story, and we will leave it for future (see Remark 1 below for details). Hydrodynamic models of this type are generally used in the description of the charged fluid particles. Examples are electrons and holes in semiconductor devices or positively and negatively charged ions in a plasma. These models, which can be derived from kinetic models, take an important place in the fields of applied and computational mathematics. A standard approach for this derivation is the moment method. According to the different analysis for the phase space densities, introduced to prescribe the dependence on the velocity, we recover different limit models and, in particular, the drift-diffusion equations and the hydrodynamic (Euler-Poisson) systems. The hydrodynamic models are usually considered to describe high field phenomena of submicronic devices. For details on the semiconductor applications, see [17, 27] . For the applications in plasma physics, see [17, 38] .
For unipolar isentropic and nonisentropic hydrodynamic equations of semiconductors on the whole space or the spatial bounded domain, the main effort was made on the mathematical modellings [17, 27] and on the rigorous mathematical analysis, such as well-posedness of steady-state solutions [2, 4, 5] , and their stability [8, 11, 16, 19, 23, 33] , the global existence of classical and/or the entropy weak solutions [1, 20, 26, 37, 40] , the large time behavior of solutions [11, 19, 21] , and the zero relaxation limit problems [7, 12] , etc.
For bipolar hydrodynamic semiconductor equations, however, the study is quite limited and far from being well, especially for the high-dimensional case. In 1-D case, Natalini [32] , and Hsiao and Zhang [12, 13] established the global entropic weak solutions in the framework of compensated compactness on the whole real line and spatial bounded domain, respectively. Hattori and Zhu [9] proved the stability of steady-state solutions for a recombined bipolar hydrodynamic model. Gasser, Hsiao and H. Li [6] , and Huang and Y. Li [15] investigated the large time behavior of both small smooth and weak solutions, respectively. Furthermore, Y. Li [22] studied the relaxation limit of a bipolar isentropic hydrodynamic models for semiconductors with small momentum relaxation time. But the study in n-D case for the bipolar hydrodynamic system of semiconductors is never dealt with, so far as we know.
Physically, the frictional damping usually causes the dynamical system to possess the nonlinear diffusive phenomena. Such interesting phenomena for 1-D compressible Euler equations with damping was investigated firstly by Hsiao and Liu [10] . Since then, this problem has attracted considerable attention, for example, see [25, 31, 34, 35, 36, 39, 41] and the references therein, see also the new progress made by Mei [30] for the selection of the best asymptotic profiles with much faster convergence rates, recently. Here, our main interest is to investigate such diffusive phenomena for the Euler-Poisson equations (1.1).
For one dimensional (1.1), we denote J 1 = n 1 u 1 and J 2 = n 2 u 2 as the current densities for the electrons and the holes, respectively, and E = Ψ x1 as the electric field for the sake of simplification. Thus, the 1-D isentropic Euler-Poisson equations of (1.1) is written as follows with the initial data (n 1 , n 2 , J 1 , J 2 )| t=0 = (n 10 , n 20 , J 10 , J 20 )(x), (1.4) where (n 10 , n 20 , J 10 , J 20 )(x) → (n ± , n ± , J 1± , J 2± ) as x → ±∞, and (n ± , n ± , J 1± , J 2± ) are the state constants, and J i± = n i± u i± . The nonlinear diffusive phenomena both in smooth and weak senses were also observed for the bipolar hydrodynamic model (1.3) by Gasser, Hsiao and H. Li [6] and Huang and Y. Li [15] , respectively. Namely, according to the Darcy's law, it is expected that the solutions of (1.3) (n 1 , J 1 , n 2 , J 2 , E)(x 1 , t) converge in L ∞ -sense to the so-called nonlinear diffusion waves (n,J,n,J, 0)(x 1 , t), where (n,J) = (n,J)((x 1 + x 0 )/ √ 1 + t) (x 0 is a shift constant) are the self-similar solutions to the following equations
porous medium equation
(1.5)
n are also called the planar diffusion waves to the n-dimensional equations (1.1). In [6, 15] , they need the difference of the initial mass of the electrons and the initial mass of the holes to be zero
This implies, from the last equation of (1.3), that the difference of the electric fields is zero E(+∞, t) − E(−∞, t) = 0.
However, such a condition is too stiff, because it looks like a switch-off situation for the device (no voltage). The most interesting but challenging case is
The large-time behavior of the solutions for this case has been open for a long time. In this case, the correction functions used in [6] for deleting the gaps between the original solutions and the diffusion waves at far fields, (originally, such an idea was first introduced by Hsiao and Liu in [10] ), can not be applied anymore because of the effect of the electric field, and still leave the perturbation equations with big gaps which are not in L 2 (R). In order to overcome such a difficulty, by a deep observation, we first make an heuristic analysis on the electric field and the current densities, i.e, E and J i for i = 1, 2 at far fields, and then ingeniously construct some new correction functions to delete the gaps yielded by the original solutions and the corresponding diffusion waves. Then, we can prove the stability of nonlinear diffusion waves for the 5 × 5 bipolar hydrodynamic model of semiconductors (1.1) in 1-D case. Precisely, for the diffusion waves (n,ū)((x 1 + x 0 )/ √ 1 + t) with some shift constant x 0 , when the initial perturbations around the waves are small enough, we can prove the stability of the shifted waves with the optimal rates in the form
And particularly, we show the exponential decay for the electronic density n 1 toward the hole density n 2 , and the electronic velocity u 1 toward the hole velocity u 2 , as well as the electric field E to 0 in the form of
This is our first contribution of the present paper. Obviously, the results presented in [6] is a special case of ours. From the structure of the correction functions, we find also that it possesses much more interesting phenomena for non-zero mass case and is consistent with physical phenomena. For multi-dimensional (1.1), there is no relevant literatures dealing with the stability of planar diffusion waves due to some particular difficulties. Firstly, the difficulty comes from the complicated structure of the equations themselves. Secondly, the main difficulty in the study is that the strategy of anti-derivative used in 1-D case is no longer effective for the n-D case. For the one-dimensional problem, the anti-derivative strategy was successfully used to remove the a-priori assumption (c.f. [10, 30] et al). However, for multi-dimensional case, a direct generalization of the onedimensional idea leads to the implicity and complexity of the defined shift function which depends on the solutions, so that it does not give a clear picture of the large time behavior of the solutions. To overcome this difficulty, instead of taking antiderivative of the perturbation to the density function, we apply a new and technical inequality, which was contributed by Huang, J. Li and Matsumura [14] , to remove the a-priori assumption, then we can establish some key energy estimates to prove the stability of planar diffusion waves for the system of multi-dimensional bipolar hydrodynamic model for semiconductors. Namely, for the 1-D solutions of (1.5) (n,ū)(x 1 , t), the so-called planar diffusion waves to the n-D solutions (n 1 , u 1 , n 2 , u 2 , Ψ)(x, t) with x = (x 1 , x 2 , · · · , x n ) ∈ R n (for simplicity, we just consider n = 3) of (1.1) converge to the planar diffusion waves in the form
This is our second contribution in the present paper. Note also that, such a stability result of planar diffusion waves for the multi-dimensional isentropic Euler-Poisson equations is the first work as we know, so far. The rest of this paper is arranged as follows. In section 2, we give some wellknown results on the diffusion waves and one key inequality which will be used later for the stability proof in n-D case. In section 3, we prove the stability of diffusion waves in 1-D case. First of all, we trickily construct the correction functions to delete the gaps between the 1-D solutions and the 1-D diffusion waves at the far field, then we reformulate the original system of equations to a new one, and further prove the stability of diffusion waves by the energy method. In section 4, the main purpose is to study the n-D case. Since the technique used in 1-D case is no long working for the n-D case, we employe a key inequality to establish some crucial energy estimates, then prove the stability of planar diffusion waves.
Notation. Through out this paper, the diffusion waves are always denoted by (n,J)(x 1 / √ 1 + t), and the gap functions (or say, correction functions) are denoted by (n 1 ,Ĵ 1 ,n 2 ,Ĵ 2 ,Ê). C 0 ,C i , c * et al always denote some specific positive constants, and C denotes the generic positive constant. L 2 (R n ) is the space of square integrable real valued function defined on R n with the norm · , and H k (R n ) (H k without any ambiguity) denotes the usual Sobolev space with the norm · k , especially · 0 = · . Nonnegative multi-index is α = (α 1 , . . . , α n ) with order |α| = α 1 + · · · + α n . Given a multi-index α, we define
2. Diffusion waves and some preliminaries. In this section, we are going to introduce some well-known results, i.e., the properties of the nonlinear diffusion waves and an important inequality which plays a fundamental role later in the higher dimensional case to prove the stability of planar diffusion waves.
For the bipolar hydrodynamic model of semiconductors (1.1), its corresponding 1-D porous media equation is
or equivalently,
) be the self-similar solution of (2.1) satisfying the "boundary" condition (2.2). It has been proved in [3] (see also, for example, [10] , etc.) that the so-called nonlinear diffusion wave (n,ū)(
) exists and behaves as follows. Such 1-D self-similar solution (n,ū)(
) is also called the nonlinear planar diffusion wave for the n-D system of (1.1).
It is noted that the solutionn(
) is increasing if n − < n + and decreasing if n − > n + , and satisfies Lemma 2.1 ( [3] ). For the self-similar solution of
, it holds
where µ > 0 is a constant.
Next we introduce a useful lemma given in [14] , which will plays a key role for us to build up the energy estimates in n-D case. Let µ > 0 and
then the following estimate holds for any t ∈ (0, T ]
3. 1-D case: stability of diffusion waves. In this section, we study the 1-D bipolar hydrodynamic model of semiconductors (1.3) with the initial value conditions (1.4) and the "boundary" condition at far field
Here, for the sake of simplification, throughout this section, we still denote the 1-D spatial variable x 1 as x ∈ R without confusion. Note that, the boundary (3.1) at far filed x = −∞ (or replace it by E(+∞, t) = E + on x = +∞) is proper and necessary. Because, as we show below on the state functions n i (±∞, t), J i (±∞, t) and E(±∞, t), without such a boundary condition, these state functions will be underdetermined, which then will cause the system (1.3) and (1.4) to be ill-posed.
On the other hand, from (1.3) 5 , we immediately have
and
The main target in this section is to prove that the solution (n 1 , J 1 , n 2 , J 2 , E)(x, t) of (1.3) and (1.4) with the condition (3.1) converges to the nonlinear diffusion waves (n,J,n,J, 0)(
) for some shift constant x 0 , even if
We will also derive the optimal convergence rates for the 1-D solutions to the corresponding diffusion waves, which are much better than what shown in [6] . More interesting, we find that n 1 − n 2 , and J 1 − J 2 and E converge to zero time-exponentially. To construct the correction functions to delete the gaps between the original solutions and the diffusion waves is very tricky and plays a crucial role in the proof.
Reformulation of 1-D system.
First of all, as in [31] , let us look into the behaviors of the solutions to (1.3) and (1.4) at the far fields x = ±∞. Then we may understand how big the gaps are between the solutions and the diffusion waves at the far fields. Let Taking x = ±∞ to (1.3) 2 and (1.3) 4 , we also formally have
It can be easily seen that, five equations (3.4)-(3.6) cannot uniquely determine the six unknown state functions J ± i (t) (i = 1, 2) and E ± (t). So, we need to add one boundary condition at far filed like (3.1). Otherwise, J ± i (t) (i = 1, 2) and E ± (t) will be underdetermined, and this will cause the system (1.3) to be ill-posed.
Therefore, without loss of generality, we may assume as before
Then, from (1.3) 2 and (1.3) 4 , we can easily get 9) and from (3.4), (3.7) and (3.8), we have
Combining (3.9) and (3.10), we establish the following system of ODEs for J + 1 (t), J + 2 (t) and E + (t):
Adding (3.11) 1 and (3.11) 2 , we get
which can be solved as
On the other hand, subtracting (3.11) 2 from (3.11) 1 , we have
which, by substituting the second equation of (3.14), i.e., 15) into the first equation of (3.14), can be reduced to
Notice that, the eigenvalues of the second order ODE (3.16) are
Thus, according to the signs of 1 − 8n + , we can directly but tediously solve the equations (3.13), (3.15) and (3.16) to have the solutions J + 1 (t), J + 2 (t) and E + (t) as follows.
Case 1:
Case 2:
E + cos 
for some constant 0 < ν 0 < 1 2 , which combine with the diffusion waves (n,J)(±∞, t) = (n ± , 0) to yield
Obviously, there are some gaps between J i (±∞, t) andJ(±∞, t), and E(+∞, t) and E ≡ 0, which lead
To delete these gaps, we need to introduce some gap functions (called also the correction functions). However, the usual manner for constructing the correction functions in [10] for 1-D Euler equations with linear damping and in [31] with nonlinear damping/accumulating cannot be applied. So, we need to look for something else. Observing the structure of the solutions at far fields (see (3.11)), we ingeniously construct the correction functions (n 1 ,n 2 ,Ĵ 1 ,Ĵ 2 ,Ê)(x, t) satisfying the following linear equations
Heren =n(x),Ĵ i (x, 0) andÊ(x, 0) will be trickily constructed in (3.29) and (3.30) below such that
In order to get (n 1 ,n 2 ,Ĵ 1 ,Ĵ 2 ,Ê)(x, t) to (3.28), we consider the following linear system with some tricky selection onn =n(x),
where m 0 (x) andn(x) are also trickily selected as
with some constant L 0 > 0. When x < −L 0 , we haveÊ(x, 0) ≡ 0. So, it can be easily seen that (3.30) possesses the particular solutionŝ
When x ≥ −L 0 , we haven(x) ≡ n + . Similarly to (3.11), by a straightforward but complicated calculation, we can solve (3.30) as the following (3.33)-(3.35), or (3.38)-(3.40), or (3.43)-(3.45) for −L 0 ≤ x < ∞. However, we can verify that these solutions imply also the solutions given in (3.32) for x < −L 0 . Therefore, we summarize them as follows.
Case 1: when 1 − 8n + = 0, then, for x ∈ R,
Thus, let us trickily construct
then we can verify that (n 1 ,n 2 ,Ĵ 1 ,Ĵ 2 ,Ê)(x, t) satisfy (3.28) for (x, t) ∈ R × R + . Case 2: when 1 − 8n + < 0, then the solutions of (3.30) are, for x ∈ R,
E + cos(
So, letn
8n + E + cos(
Similarly, we construct
then we can check that (n 1 ,n 2 ,Ĵ 1 ,Ĵ 2 ,Ê)(x, t) are the solutions of (3.28) for (x, t) ∈ R × R + . Clearly, the correction functions (n 1 ,n 2 ,Ĵ 1 ,Ĵ 2 ,Ê)(x, t) expressed in each case have an exponential decay with respect to t, andn 1 andn 2 have the same compact support with m 0 (x). Namely, we proved Lemma 3.1. There hold
(3.48) and
. Now we are going to make a perturbation of (1.3) to the diffusion waves (2.1). From (1.3), (3.28) and (2.1), we have
where (n,J) = (n,J)(x + x 0 , t) are the shifted diffusion waves with some shift x 0 , which will be specified later.
Let us integrate the first and third equation of (3.49) over (−∞, +∞) with respect to x, and note that J i (±∞, t) =Ĵ i (±∞, t) for i = 1, 2 andJ(±∞, t) = 0 as shown before, we have
then integrate the above equation with respect to t to have
Now we are going to determine x 0 such that I i (x 0 ) = 0. Since
which gives, with I i (x 0 ) = 0, that
This implies that, we need
However, such a condition is always true, and automatically guarantee by the system (1.3). In fact, from (3.36), (3.37), (3.41), (3.42), (3.46) and (3.47), for each case we always haven
which, with the fact
Substituting this to (3.52), we need
However, by integrating (1.3) 5 with respect to x over (−∞, ∞) and taking t = 0, as well as noting E − 0 = 0, we immediately obtain (3.53). Hence, (3.52) automatically holds.
Thus, (3.50) with I i (x 0 ) = 0 for such selected x 0 in (3.51) implies that the integration of the perturbed equations (3.49) over (−∞, x] could be set in L 2 space. Therefore, by defining
with the initial data 
where
with the initial data
Furthermore, subtracting (3.57) 2 from (3.57) 1 , we get the IVP for the following damped "Klein-Gordon" type equation
where 
Then, there is a δ 0 > 0 such that if δ + Φ 0 ≤ δ 0 , the solutions (n 1 , n 2 , J 1 , J 2 , E) of IVP (1.3)), (1.4) and (3.1) are unique and globally exist, and satisfy
70)
where u i = J i /n i . Remark 1. 1. Although the diffusion waves (n,ū)(x+x 0 , t) are the asymptotic profiles of the original solutions (n i , u i )(x, t), i = 1, 2, with algebraic decay, the much better asymptotic profiles of the original solutions (n 1 , u 1 )(x, t) (or (n 2 , u 2 )(x, t)), in fact, are just their partner solutions (n 2 , u 2 )(x, t) (or (n 1 , u 1 )(x, t)), because the corresponding decay as showed in (3.68) and (3.69) are exponential. 2. If the pressures p(s) and q(s) in (1.1) are different, the question will become more complicated and challenging, because the clarification of the asymptotic profiles (diffusion waves) in this case and the construction of the corresponding correction functions will be much harder, and totally different from the simple issue we study here. So, this will be something left for us in future. 3. The new technique for constructing the correction functions can be also applied to solve the stability of diffusion waves for other hydrodynamic models of semiconductors, for example, the unipolar hydrodynamic model of semiconductors, the nonisentropic full Euler-Poisson system with fractional damping external-force, and so on.
A priori estimates in 1-D case.
It is known that Theorem 3.2 can be proved by the classical energy method with the continuation argument based on the local existence and the a priori estimates, c.f. [28, 29] . Since the local existence of the solutions of (3.57), (3.59) and (3.60) can be proved in the standard iteration method together with the energy estimates, so the main effort in this subsection is to establish the a priori estimates for the solutions, which is usually technical and crucial in the proof of stability.
Let T ∈ (0, +∞], we define the solution space for (3.57), (3.59) and (3.60) as follows
with the norm
Let N (T ) 2 ≤ ε 2 , where ε is sufficiently small and will be determined later. Notice that, by Sobolev inequality
Clearly, there exists a positive constant c 1 such that
Now we first establish the following basic energy estimate. Lemma 3.4. It holds that
Step 1: Multiplying (3.60) by H + 2H t and integrate it over (−∞, +∞), we obtain
Applying Taylor's formula to (3.61), namely,
then the first term of the right-hand side term of (3.73) can be estimated as follows
, for some small constant κ > 0,
so we have
where we used (3.48) and κ is small and it will be determined later. Similarly, noticing (3.48) and (3.61), which imply |φ ix | ≤ CN (t) ≤ Cε and |n i | ≤ Cδe −ν0t , we can prove
where for (3.76), we also used the facts
, which, as showed in (2.6) (Lemma 2.2), can be proved from the construction ofn(x) → n ± as x → ±∞ and the property of the diffusion waven(
). Noticing
then, by integrating it by parts and using Cauchy inequality, we have
Substituting (3.74)-(3.78) into (3.73), and noticing the smallness of ε, δ, κ, we obtain
Applying Gronwall's lemma to above differential inequality, we obtain
where ν 1 is some positive constant.
Step 2: Differentiating (3.60) with respect to x, we obtain
Multiplying (3.80) by H x + 2H xt and integrating it over (−∞, +∞), we obtain
By using (3.48) and (3.79), the terms in the right-hand side of (3.81) can be similarly estimated as follows
Substituting (3.82)-(3.86) into (3.81), and noticing the smallness of ε, δ, κ, we obtain
Again, applying Gronwall's iequality to above differential inequality, we obtain
(3.88)
for some constant ν 2 > 0. Furthermore, by applying (3.79) and (3.87) to the equation (3.60), we can prove
(3.89)
for some constant ν 3 > 0.
Finally, let ν = min(ν 0 , ν 1 , ν 2 , ν 3 ). Thus, (3.79), (3.88) and (3.89) imply (3.72). The proof of this lemma is complete.
Since now, we will state more higher order energy estimates for the solutions φ i (i = 1, 2) to the wave equations (3.57) in different lemmas with sketchy proofs.
Lemma 3.5. It holds that, for i = 1, 2,
]dx for some large number λ > 0, and applying Lemma 2.1, Lemma 2.2 and Lemma 3.4, with a tedious calculation we the complete the proof of Lemma 3.5.
Lemma 3.6. It holds that, for i = 1, 2,
provided ε + δ 1. Proof. By taking t 0 R (1+τ )(3.57) i ·φ it dxdτ, i = 1, 2 and integrating the resultant equation with respect to t over [0, t], and applying Lemma 3.5, we obtain
Hence, we complete the proof of Lemma 3.6. Lemma 3.7. It holds that, for i = 1, 2,
2 [∂ x (3.57) i ×φ ix +∂ x (3.57) i ×φ ixτ ]dxdτ , and applying Lemma 3.6, as showed before, we can similarly prove (3.93).
Lemma 3.8. It holds that, for i = 1, 2,
]dxdτ , and applying Lemma 3.7, we can prove (3.94).
Lemma 3.9. It holds that, for i = 1, 2,
, and applying Lemma 3.8, we can prove (3.95).
Lemma 3.10. It holds that
, and applying Lemma 3.9, we can prove (3.96).
Lemma 3.11. It holds that, for i = 1, 2,
, and applying Lemma 3.10, we can prove (3.97).
Lemma 3.12. It holds that, for i = 1, 2,
, and applying Lemma 3.11, we can prove (3.98). Now we are going to prove the optimal decays (3.64) and (3.65), if the initial perturbation is further in L 1 (R). Let us rewrite the equations (3.57) as follows
As shown in [36] , we can similarly construct the minimizing Green functions as follows
and rewrite (3.99) in the integral form
Differentiating (3.100) with respect to x and t, we have, for l ≤ 1 and k + l ≤ 3,
Based on the decay rates we obtained in Lemmas 3.4-3.12, and on the estimates of decay rates for the approximating Green functions as shown in [36] , by a similar but tedious calculation to [36] , we can similarly prove
Here, the details are omitted. Hence, applying (3.102) to (3.101), we obtain the optimal decay rates as follows.
Proof of Theorem 3.2. Based on the local existence and the a priori estimates given in Lemma 3.4-Lemma 3.12, by using the continuity argument (c.f. [28] ), we can prove the global existence of the unique solutions of the IVP (1.3)-(1.4) with the desired decay rates (3.62) and (3.63). Furthermore, when the initial perturbation is in L 1 (R), from Lemma 3.13, we immediately obtain the optimal decay rates (3.64) and (3.65).
4. n-D case: stability of planar diffusion waves. In this section, we are going to study the multi-dimensional isentropic Euler-Poisson equations for the bipolar hydrodynamic model of semiconductors (1.1) with the initial data
where n i± and u i± for i = 1, 2 are constants. We will prove that the solutions of the n-D equations (1.1) and (4.1) converge to the 1-D nonlinear diffusion waves of (2.1), the so-called planar diffusion waves to the n-D equations (1.1). It must be pointed out that, the strategy of the antiderivatives for the problem setting up used in 1-D case (see (3.54) before) is no long effective in the multi-dimensional case, because the shift x 0 defined in (3.51) in 1-D case will be an implicit function in n-D case, and it depends on the solution (n 1 , u 1 , n 2 , u 2 , Ψ)(x, t) of the system (1.1) and, rather than the initial data. Instead of this, we are going to apply the key Lemma 2.3 to establish some crucial energy estimates and then to prove the stability of planar diffusion waves. For simplicity, we just consider the 3-D case, and denote x = (x 1 , x 2 , x 3 ) ∈ R 3 . Let (ñ 1 ,ñ 2 ,J 1 ,J 2 ,Ẽ)(x 1 , t) be the solutions of 1-D isentropic Euler-Poisson equations (1.3) with small perturbations, i.e., Φ 0 given in Theorem 3.2, and define
Based on the above preparation, we are going to make a perturbation of (1.1) to the one dimensional solutions (ñ 1 ,ñ 2 ,J 1 ,J 2 ,Ẽ)(x 1 , t) of (1.3) that we just remind above. We define
Noticing that curl(∇Ψ −Ẽ) = 0, so there exists E such that ∇E = ∇Ψ −Ẽ. We can reduce (4.3) into 5) provided with the initial data 6) and the boundary condition
For later use, we define
where ∇Ψ(x, 0) = ∇E 0 (x) +Ẽ(x, 0) and ∇Ψ t (x, 0) = ∇Ē 0 (x) +Ẽ t (x, 0).
Convergence theorem in 3-D case .
We now state the stability results for the planar diffusion waves in the multi-dimensional case as follows.
Theorem 4.1.
1, there exists a unique global smooth solution (n 1 , n 2 , u 1 , u 2 , ∇Ψ) for the 3-D bipolar hydrodynamic model for semiconductors system (1.1), (4.1) and (4.7) and satisfies
, f or i = 1, 2,
Theorem 4.2. Under the conditions in Theorem 4.1, then Based on Corollary 3.3 and Theorem 4.2, we immediately obtain the convergence of the solution (n 1 , n 2 , u 1 , u 2 , E)(x, t) for the 3-D equations (1.1) and (4.1) to the 1-D diffusion wave (n,ū)(x 1 / √ 1 + t) for (2.1), namely, the stability of the planar diffusion waves. 
Remark 2. Notice that, for one-dimensional case, the electron field decay exponentially fast, but here the decay rate of electron field for 3-D case is algebraic only.
4.2.
A priori estimates in 3-D case. Let T ∈ (0, +∞], we define the solution space of (4.5) as, for 0 ≤ t ≤ T ,
The local existence of (4.5) can be established by a standard contraction mapping argument, for example, see [18, 24] . The main duty in the rest of the present paper is to establish some crucial energy estimates.
We are going to establish the a priori estimates of (z 1 , z 2 , w 1 , w 2 , ∇E) , which will be the main effort of this section. We define
Let N (T ) 2 ≤ ε 2 , where ε is sufficiently small and will be determined later. Then Gagliardo-Nirenberg inequality guarantees, for i = 1, 2, k = 0, 1, 2,
Remark 3. Before we establish the a priori estimates for the solutions, we need to estimate E(x, t). Since ∆E = z 1 − z 2 and ∆E, ∇E ∈ L 2 (R 3 ), we can formally solve it by using Green function and estimate it as
Now we first establish the following useful estimate, which plays a fundamental role in n-D case.
Lemma 4.4. It holds that
provided δ + ε 1, where 15) where z i is the solution of (4.5). Notice also that,
By using Cauchy inequality and noticing (2.8), Corollary 3.3 and Lemma 2.1, we havẽ
17)
Thus, we have
Substituting (4.19) into (4.15) and using the smallness of δ, we complete the proof of Lemma 4.4.
Lemma 4.5. It holds that
, and (4.5) 4 × w 2 θ 20 , we have
Combining them and applying Cauchy's inequality and the smallness of δ and ε, we obtain
Integrating (4.22) with respect to x over R 3 and using the smallness of ε and δ, we have
where we have used 24) and 
Using Cauchy inequality, we have
29)
We are going to estimate the other integral terms in (4.27) as follows
In order to control the last integral of (4.31), we first note that, by noting (4.5) 1 and (4.5) 3 ,
So, utilizing (4.32), we have Similarly, we can estimate the last term of (4.27) as 
